A theory of coherent multiple Andreev reflections ͑MAR͒ is developed for superconductor-normal-metalsuperconductor interferometers. We consider a Y-shaped normal-electron-beam splitter connecting two superconducting reservoirs, where the two connection points to the same superconductor can have different phases. The current is calculated in the quantum transport regime as a function of applied voltage and phase difference, I(V,). MAR in interferometers incorporate two features: interference in the arms of the splitter, and interplay with Andreev resonances. The latter feature yields enhancement of the subgap current and current peaks with phase-dependent positions and magnitudes. The interference effect leads to suppression of the subgap current and complete disappearance of the current peaks at ϭ. The excess current at large voltage decreases and changes sign with increasing phase difference.
I. INTRODUCTION
Mesoscopic circuits with multiterminal electron wave guides have interesting and useful physical properties. Figure  1 shows an example of a circuit where a Y-branch wave guide acts as a coherent beam splitter for electrons injected from a normal or superconducting reservoir. Such a circuit with normal-electron reservoirs (NY N) has been first suggested to test statistical properties of the Fermi electrons by measuring current-current correlations in the arms of the splitter. 1, 2 This correlation is negative for the case of Fermi statistics, which was indeed observed in the experiment. 3 However, the correlations may change the sign and become positive ͑similar to the case of Bose particles͒ when the electrons are injected from a superconducting reservoir (NY S). 4 This effect is related to the Cooper pairing in the superconductor.
Another kind of interference effect, namely, a phasedependent conductance, has been predicted 5, 6 for a circuit geometry (SY N) where the arms of the electron-beam splitter are connected to a superconductor. In this case, the electrons undergo Andreev reflection from the normal-metalsuperconductor ͑NS͒ interfaces, 7 picking up the superconducting phase at the connection points. The phase difference at the connection points is created by a supercurrent flowing along the surface of the superconducting electrode, e.g., due to a presence of a magnetic field ͑see Fig. 1͒ . The phase dependence of the conductance of such NS interferometers has been observed in a large number of experiments. [8] [9] [10] In this paper, we investigate the properties of currentvoltage characteristics of superconductor-normal-metal-superconductor͑SNS͒ interferometers, i.e., SY S circuits where the arms of the Y-branch splitter and the injection lead are connected to superconducting electrodes, as shown in Fig. 1 . As is well known, the current between two superconductors at applied voltage eVϽ2⌬ (⌬ is the superconducting gap͒ is governed by the mechanism of multiple Andreev reflections ͑MAR's͒. 11 The fingerprint of this transport mechanism is the subharmonic gap structure ͑SGS͒ at eVϭ2⌬/n. 12, 13 In SNS interferometers one should expect the SGS to be significantly modified and become sensitive to the superconducting phase difference ͑see Fig. 1͒ . This conclusion is supported by the following qualitative argument. One may consider the interferometer as an SNS junction (S 1 NS 2 ) which is coupled to the injection electrode S 3 via the Y-branch wave guide. The SNS junction contains bound Andreev levels which are broadened due to the open connection to the injection lead. The Andreev levels, the energy of which depends on the superconducting phase difference, produce resonances in the current transport between the superconducting reservoirs. These resonances will significantly modify the SGS, similar to the effect of superconducting bound states in long SNS junctions. 14 However, in the SNS interferometers the resonance structures will be phase dependent. 15 The problem has become particularly interesting due to recent experiments on a three-terminal SNS interferometer FIG. 1 . Schematic picture of the SNS interferometer, which consists of the superconducting loop, to the left, with two electrodes S 1 and S 2 that are connected via the Y-branch wave guide to the right injection electrode S 3 , which can be superconducting or normal. The two left electrodes in the loop and the Y-branch wave guide constitute an SNS junction (S 1 NS 2 ), with bound Andreev states broadened due to the coupling to the injection electrode S 3 . The phase difference over the S 1 NS 2 junction is controlled by means of the magnetic flux through the loop.
by Kutchinsky et al., 16 in which phase dependence of the conductance structures has been observed. In this experiment, the normal region of the interferometer was fabricated with diffusive two-dimensional ͑2D͒ metallic film. The effect will be more pronounced with a ballistic normal region, especially in the quantum transport regime, when the Y-wave guide supports a small amount of conducting modes. In practice, such devices could be fabricated with an etched or gated ballistic 2D electron gas in a multilayered semiconducting structure. 17 Quantum transport in NS interferometers has been investigated in Refs. 18 -20 , and the resonance enhancement of the two-particle Andreev current has been discussed. In SNS interferometers the situation is more complex, since the interplay between the Andreev bound states and MAR's will lead to resonances appearing in all multiparticle currents. The purpose of our study is to develop a MAR theory for SNS interferometers, i.e., to include the interference effect and the effect of Andreev resonances in the MAR calculation scheme 23 and to analyze the phase-dependent current-voltage characteristics ͑IVC's͒.
The paper is structured as follows. In Sec. II we present the model of the interferometer and derive equations for the MAR scattering amplitudes. In Sec. III, we present the results of numerical calculation of the IVC's of the interferometer, and in Sec. IV, we present an analytical perturbative analysis of the resonant current structures in the IVC's.
II. SCATTERING STATES
We consider the SNS interferometer shown in Fig. 1 , which consists of a normal-electron Y-branch quantum wire, fabricated, e.g., with an etched or gated 2D electron gas, which is connected to two bulk superconducting electrodes. The superconducting electrode connected to the two arms of the splitter is ring shaped, so that magnetic flux can be sent through the ring to induce a superconducting phase difference between the connection points S 1 and S 2 . The current is sent through the interferometer by applying voltage V between the electrode S 3 and the ring.
Our aim is to calculate the injected current as a function of the applied voltage and the phase difference, I(V,). To this end we shall apply the theory of coherent MAR's, which is based on the calculation of scattering states created by incoming quasiparticles from the three superconducting terminals. 13, [21] [22] [23] For the sake of simplicity, we adopt a single-mode description of the wires and model the splitter by a 3ϫ3 scattering matrix Ŝ ͓see Eq. ͑9͒ below͔.
Solving a coherent MAR problem includes the following steps: First the recurrence for the scattering amplitudes is formulated by employing the boundary conditions at the scatterer and at the NS interfaces. Then a solution for the recurrence can be constructed, from which the current is calculated. In the present case of a three-terminal junction, a standard MAR technique cannot be used directly. To solve this problem we will describe the Andreev reflections from the two interfaces of the interferometer, seen by the injector S 3 , as a complex reflection from a single effective interface; by doing this we reduce the three-terminal problem to an equivalent two-terminal problem, on which we can apply the standard MAR technique for a two-terminal junctions developed in Ref. 23 . Reflection from the interferometer ͑left interface͒ is then represented by a nontrivial transfer matrix that contains information about Andreev states in the interferometer. To more clearly understand the effect of the phase difference on the injection current, we will neglect the length of the normal wires and assume all NS interfaces to be completely transparent. This will remove unnecessary complications due to normal-electron resonances 24 and superconducting resonances 14 associated with the Saint-James-de Gennes bound states. 25 At the same time, the resonant property of the junction as well as the phase sensitivity of the current will persist due to the presence of Andreev states in the interferometer with energy EϭϮE a , E a ϭ⌬ͱ1ϪD sin 2 ͑ /2͒. ͑1͒
In the MAR regime, the time-dependent scattering states consist of a superposition of scattered waves with energies E n ϭEϩneV (n is an integer͒ shifted with respect to the energy of the incoming wave E. In each branch of the wire the wave functions of the sideband n consists of a superposition of electron and hole plane waves moving in both directions, the corresponding amplitudes being labeled with ␣ n , . . . ,␦ n according to Fig. 2 . In the normal wires, the scattering state wave function has the form,
where
is the wave function in the ith wire at the left side (iϭ1,2), x is a coordinate along the wire, ⌿ R N is the wave function at the right side, and k n Ϯ ϭͱ2m(E F ϮE n ) is the normal wave vector (បϭ1). In the superconducting electrodes, the corresponding wave functions, including six possible source terms, are
where A n , . . . ,L n are constant coefficients and n Ϯ are elementary solutions to the Bogoliubov-de Gennes equation
and z is the Pauli matrix. The different source terms are distinguished by the index jϭ͕1,2,3,4,5,6͖ corresponding to injection of an electron/hole from each of the electrodes.
Injections from the left and from the right generate essentially different scattering states and currents, and to keep track of the side of injection we will introduce an additional side index ϭϯ1 corresponding to injection from the left electrodes and right electrode, respectively,
The scattering in the Y-branch splitter is described by a unitary scattering matrix
where the scattering matrix,
is chosen to be symmetric, S 31 ϭS 32 ϭt, with a real transmission amplitude from right to left, tϾ0, and also to be independent of energy and thus the same for electrons and holes,
The latter approximation is reasonable since the scale of the energy dispersion of the scattering matrix is given by the Fermi energy, while we are interested in a much smaller energy interval comparable to the superconducting gap, E F ӷ⌬. The unitary conditions for Ŝ are expressed through the equations, 1ϭRϩDϩT,1ϭ͉r 0 ͉ 2 ϩ2T, where Dϭ͉d͉ 2 ,R ϭ͉r͉ 2 ,Tϭt 2 , and
The transmission coefficient D concerns the transparency of the SNS junction of the interferometer and controls the position of the Andreev levels, Eq. ͑1͒, while the transmission coefficient T describes coupling of the SNS junction to the injection lead. By means of a canonical transformation the scattering between the injection electrode and the interferometer can be separated from the scattering between the arms of the interferometer. To this end we introduce new scattering amplitudes, ␣ n Ϯ ϭ(␣ 1,n Ϯ␣ 2,n )/ͱ2, and similarly for ␤ n ,␥ n , and ␦ n , and rewrite Eq. ͑8͒ in the form
The scattering equations for holes have a similar form. It is clear from Eq. ͑12͒ that the transport through the interferometer, from the right electrode to the left electrodes, is independent of the (Ϫ) coefficients. Thus, we can treat the junction as an effective two-terminal junction with transparency 2T. It is convenient for the further calculations to introduce vector notations,
͑14͒
and similarly for the other scattering amplitudes, and to rewrite Eq. ͑12͒ through a transfer matrix
where T ϭ(1/ͱ2T)(1Ϫ͉r 0 ͉e Ϫi z x ). The same equation also holds for the hole coefficients. It is convenient to gauge out the reflection phase from the transfer matrix, which can be done by a transformation of the scattering amplitudes,
We now proceed with a derivation of the recurrence relation and first consider the right NS interface, where we match the wave functions in Eqs. ͑3͒ and ͑4͒,
͑17͒
This is the recurrence relation for an ideal SN interface where the Andreev reflection amplitude is given by
and the source term,
corresponds to the injection from the right electrode, ϭ1. Similar relations hold for each of the two SN interfaces at the left side. In terms of the vectors ␣ Ϯ and ␥ Ϯ introduced in Eq. ͑14͒, they have the form
for n 0. For nϭ0 there is also a source term describing injection from the left electrodes (ϭϪ1). Now the vectors ␣ Ϫ and ␥ Ϫ can be eliminated by means of Eq. ͑13͒ for electrons and for holes, which yields
ϭЈϩ. The source term, Y j , for jϭ1,2 has the form
where bϭi 0 (⌬/2)tan(/2). The source term for the injection cases jϭ3,4 has a form similar to Eq. ͑23͒ with →Ϫ.
The matrix V n L describes complete reflection from the interferometer for energies inside the energy gap, ͉E n ͉Ͻ⌬, where it obeys a standard transfer-matrix equation, V n L z V n †L ϭ z . For ϭ0 this is purely Andreev reflection, identical to the one described by Eq. ͑17͒, which implies that in this case the interferometer works as a single ideal superconductor-normal-metal ͑SN͒ interface. In the general case, 0, the reflection consists of both Andreev and normal reflections, the probability of Andreev reflection being given by the matrix element ͉(V n L ) 11 ͉ Ϫ2 ϳcos 2 (/2). Thus, at ϭ the probability turns to zero, and therefore the Andreev transport through the interferometer is blocked. Furthermore, the transfer matrix V n L contains information about Andreev bound states in the interferometer. Assuming for a moment the SNS junction disconnected from the injection lead, Tϭ0, and considering a stationary version of Eq. ͑21͒, ␣ n ϩ ϭV n L ␥ n ϩ , in combination with Eq. ͑16͒ we get the solvability condition for these equations in the form Im͓(V n L ) 11 Ϫ(V n L ) 12 ͔ϭ0, which gives the Andreev level in Eq. ͑1͒. In principle, Eqs. ͑17͒, ͑21͒, and ͑15͒ provide a complete set of recurrences for the MAR amplitudes. However, following Ref. 23 , it is convenient to introduce new amplitudes, ĉ nϮ , which allow us to get rid of redundant MAR amplitudes and to unify notation for different injection cases,
͑24͒
Then the recurrence relations Eq. ͑17͒, ͑21͒ and ͑15͒ can be written in a compact form
and the index ϭ(Ϫ1) n specifies the particular form of the transfer matrices Û n and T n for different sidebands and for different injection directions. Equations ͑24͒-͑28͒ realize a mapping of the MAR problem on the problem of wave propagation along the energy axis. The wave amplitudes for the propagation in the upward and downward directions are given by the upper, c nϮ ↑ , and lower, c nϮ ↓ , components of the vector ĉ nϮ ,
͑29͒
The probability current flowing along the energy axis is defined in the usual way as
This probability current is conserved within the superconducting gap, j nϮ p ϭconst for ͉E n ͉Ͻ⌬, due to the unitarity properties of the matrices T n and Û n . Violation of the unitarity for Û n outside the gap indicates leakage of the probability current into the reservoirs. We notice that in real space, the probability current is carried alternatively by electrons and holes, see Fig. 3 . The charge current through the interferometer is determined by the probability currents of all the sidebands,
In this equation, the spectral current J (E) consists of the sum over the scattering states and all the sidebands at the injection side of the junction, ; the factor ͉E͉/ is the superconducting density of states, and n F (E) is the Fermi distribution function within the superconducting reservoirs. For nϾ0, the free solution of Eqs. ͑25͒ and ͑26͒ can be written in the form
while the solution for negative n,nϽ0, reads
At the injection point nϭ0, the MAR coefficients are found from Eq. ͑25͒, 
With help of the vectors r nϮ the solution in Eq. ͑33͒ can be presented in a compact form ͓using the equality det(M nm ) ϭ1͔,
where the brackets denote a scalar product of two-component vectors, and
The corresponding expression for negative n is
The form of solution in Eqs. ͑38͒-͑40͒ is particularly useful for the calculation of the SGS: The essential processes which contribute to the SGS involve transmission through the energy-gap region. This transmission contains resonances which are included in the transfer matrix M n0 . The latter is straightforward to calculate because it does not require excursions to infinity. On the other hand, the calculation of the quantities r nϮ includes such excursions which, however, go outside the energy-gap, and the corresponding recurrences rapidly converge.
To calculate the SGS, it is convenient to separate out the current associated with the scattering across the gap, which is most important for the SGS, from the current of thermal excitations which involves transitions between states below or above the gap. To this end, we first rewrite the spectral current in Eq. ͑32͒ through leakage currents into the electrodes defined as j n ϭ j nϩ p Ϫ j nϪ p . By using the equality j (nϩ1)Ϫ p ϭ j nϩ p following from Eq. ͑26͒, we get
͓here we explicitly write the scattering state index j, introduced in Eq. ͑4͔͒. We note that the conservation of the probability current inside the energy gap implies that the leakage current is zero inside the gap, j n, j ϭ0, ͉E n ͉Ͻ⌬. Having made this observation, we write the total current in Eq. ͑32͒ in the form
The first two terms in this equation correspond to the current of thermal excitations: they cancel each other when the temperature approaches zero due to detailed balance,
for the partial currents defined as
Keeping the last term in Eq. ͑42͒, we get for the current at low temperature, TӶ⌬, the following equation,
The current J n, (E) in Eq. ͑44͒ can be presented after some algebra in the form which is useful for analytical study,
III. NUMERICAL CURRENT-VOLTAGE CHARACTERISTICS
In this section, we present the results of numerical calculation of the current given by Eq. ͑45͒, where the spectral current is given by Eq. ͑47͒. In order to numerically evaluate the effective reflection amplitudes r nϮ we use the following equations,
, ͑49͒
which follow from the definitions in Eq. ͑36͒, using Eq. ͑33͒ and Eq. ͑35͒. For zero phase difference, the current-voltage characteristic ͑IVC͒ in Fig. 4 shows the well-known subharmonic gap structure for short junctions with current structures at eVϭ2⌬/n, corresponding to thresholds for the n-particle currents. 27, 13 These current structures are associated with the usual gap edge singularities, 23 and they are most pronounced if the transparency 2T of the junction is small, TӶ1.
The IVC's of the interferometer for different values of the phase difference at zero temperature are shown in Fig. 5 . Increasing the phase difference, the structure changes and the positions of the current structures can no longer be asso- ciated with the subharmonics of the energy-gap. Instead, we observe enhancement of the subgap current and the appearance of large current peaks which move downwards in voltage with an increasing phase difference. If the transparency is small, as in Fig. 5 , the peak positions reflect the Andreev spectrum of Eq. ͑1͒: the peaks appear at eVϷE a and eV Ϸ⌬ϩE a , as shown in Fig. 6 . With further increase of the phase difference, the current structures decrease and completely disappear at ϭ. At the same time, the excess current at large voltage becomes large and negative, turning into a deficit current. The IVC is 2 periodic and symmetric around .
It is illuminating to plot the individual n-particle currents, given by Eq. ͑46͒. In Fig. 7 , the first four n-particle currents are shown for ϭ3/5 and for the same interferometer parameters as in Fig. 5 . Higher-order currents are too small to be visible in the same picture, and their contribution to the current may be neglected. For comparison, the inset shows the corresponding IVC's when ϭ0. It follows from the plots for 0 that the peak at low voltage originates exclusively from the four-particle current. It exists within the voltage interval ⌬/2ϽeVϽ⌬ and within a certain window of phase difference. The next peak, at larger voltage, results from a combination of two structures: the peak of the threeparticle current, and the overshoot of the onset of the pair current. The onset of a single-particle current at eVϾ2⌬ is reduced in comparison with the ϭ0 case, which leads to significant reduction of the current at large voltage. The reason is spectral intensity transfer from the continuum to bound Andreev states. The large deficit current at high voltage is apparently the result of this reduction as well as of the above-mentioned reduction of the multiparticle currents related to the suppression of Andreev reflections by the interferometer. The further analysis shows that the single-and three-particle currents ͑and in general odd n-particle currents͒ injected from the electrode S 3 and from the electrodes S 1,2 are identical. In contrast, the two-and four-particle currents possess large structures only for injection from the electrode S 3 while currents injected from the interferometer electrodes S 1,2 are negligibly small. In the next section, we will proceed with the interpretation of these features.
IV. RESONANCE APPROXIMATION
In the case of weak coupling of the S 1 NS 2 junction in the interferometer to the injection lead S 3 ,TӶ1, it is possible to perform a perturbative analysis of the n-particle currents in order to explain the origin of the phase-dependent current structures in the IVC's. In this limit, the current is dominated by the contribution of the Andreev resonances, which we will consider in the lowest order with respect to the small parameter TӶ1. We will proceed with a detailed analysis of the four lowest-order n-particle currents in order to explain the major structures in the current-voltage characteristics ͑IVC͒.
Let us start the discussion with the approximation for the effective reflection amplitudes at specific levels in the MAR ladder, r nϮ , in Eq. ͑37͒. In the lowest-order approximation with respect to T, these reflection amplitudes are contributed by single backscattering,
Since the denominator ͉z n0 ͉ 2 in Eq. ͑47͒ for the spectral current contains a factor 1/(2T) n which comes from the product of transfer matrices T n in Eq. ͑33͒, we can neglect all terms except the zero-order one in Eq. ͑48͒, whereby
The denominator ͉z n0 ͉ 2 in Eq. ͑47͒ has to be considered separately for different currents, n, and injection cases, .
The single-particle current involves only a single crossing of the tunnel barrier, schematically shown in Fig. 9͑a͒ below. Thus, it cannot be resonant, and the denominator ͉z 10 ͉ 2 can be considered in the lowest-order approximation. The ex- Fig. 5 with ϭ3/5. The total current is shown with the dotted line. The single-particle current ͑a͒ is suppressed compared to the case when ϭ0. The two-particle current ͑b͒ of quasiparticles injected from the right electrode has a significant onset at eVϭ⌬ϩE a , while the two-particle current ͑c͒ injected from the left is small. The three-particle current ͑d͒ has a peak at eVϷ⌬ ϩE a ; the four-particle current ͑e͒ has a peak at eVϷE a . The inset shows the corresponding n-particle IVC's for ϭ0.
pression for the single-particle current, derived from Eqs. ͑46͒, ͑47͒, and ͑51͒ then reads
The form of Eq. ͑52͒ is a standard one for a tunnel current given by the tunnel Hamiltonian model where N R (E) is the density of states ͑DOS͒ in the injection lead, while N L (E) has the meaning of the effective phase-dependent DOS in the interferometer. An important property of the DOS of the interferometer is the disappearance of the singularities at the gap edges for a nonzero phase difference. The reason is that the resonances ͑Andreev states͒ move down into the gap, according to Eq. ͑1͒ ͑see Fig. 8͒ . Consequently, the onset of the single-particle current at eVϭ2⌬, which is of the order T when ϭ0, is reduced at a finite phase difference ͑see Fig.  7͒ . In order to calculate the pair current we will first inspect the corresponding transfer matrix, M 20
. For ϭ1 ͑injection from the right͒ this transfer matrix has zeros in the limit Tϭ0 at the energies of the Andreev bound states in the interferometer, E 1 ϭϮE a . The expansion of the matrix in powers of T has the form
where we have used the identity, sinϭ2ͱDR, derived from the unitarity condition Eq. ͑11͒ and ϭЈϩ, in the limit Tϭ0. Equation ͑55͒ clearly demonstrates the resonant behavior. The first term is real and proportional to the deviation of the energy E 1 for the Andreev reflection from the energy of the Andreev state. This term determines the position of the resonance. The second, imaginary term is proportional to T and determines the width of the resonance. Both the position and width of the resonance depend on the phase difference.
At TӶ1 the spectral current is dominated by the Andreev resonance, and neglecting the nonresonant current we arrive at the expression
0рD Ϯ рͱD. A factor of 2 appears in the current expression, in addition to the two-particle factor nϭ2 in Eq. ͑47͒, since there are two Andreev resonances, at E a and ϪE a . The integrand in Eq. ͑56͒ has the form of the transmission coefficient for an asymmetric quantum-mechanical double barrier structure. The difference in the tunnel rates ⌫ Ϯ is due to the different DOS for the injection and exit energies, but also due to the different effective transparencies of the Y-branch splitter, TD Ϯ , for electrons and holes. The resonant transparency of the junction for the pair current is proportional, according to Eq. ͑56͒, to the product
which turns to zero at ϭ. Thus the resonant pair current is blocked at ϭ, in agreement with our earlier general conclusion about the suppression of Andreev reflection at the interferometer in this case. Evaluation of the integral over energy in Eq. ͑56͒ under the condition, E a /⌬Ͻ1ϪT, yields the pair current
The magnitude of this current is generally of order T; however, in the vicinity of the resonant onset, eVϭ⌬ϩE a ϩe␦V for deviations e␦V, the rate ⌫ ϩ increases due to the enhancement of the DOS in the right superconductor, ⌫ ϩ ϳ1/ͱ␦V, which yields the overshoot seen in Fig. 7 . At lower voltage, ⌬ϽeVϽ⌬ϩE a , the pair current is nonresonant and proportional to T 2 , which is also the case for the pair current I 2 L injected from the interferometer. The resonant three-particle current can be analyzed in a similar manner. We construct the corresponding transfer matrix using the pair current matrix, Eq. ͑55͒, and for ϭ1 we get M 30
. This equation has resonances at the same energies as the pair current, E 1 ϭϮE a , but nevertheless the resonant current is small, I 3 ϳT 2 , since the MAR path, Fig. 9͑c͒ , includes an additional crossing of the tunnel barrier. The magnitude of the current is considerably enhanced in the vicinity of voltage eVϭE a ϩ⌬ when the second Andreev reflection occurs at the gap edge of the right electrode, E 2 ϭ⌬ ͓see Fig. 9͑c͔͒ . The singular DOS at the gap edge in this electrode appears in the MAR calculation as a quasibound state situated at the gap edge. Thus, this MAR process can be interpreted as an overlap of two resonances, one at the Andreev bound state at energy ϪE a , and another at the quasibound state at the gap edge. A similar analysis applies to the current injected from the interferometer, ϭ Ϫ1: in this case, the double resonance is formed by the Andreev state at E a and the quasibound state at the lower gap edge. The height of the double-resonance peak is (I 3 ) max ϳT 4/3 . A double resonance involving two Andreev bound states occurs in the four-particle current injected from the right as shown in Fig. 9͑d͒ . The corresponding MAR path is selected by the conditions E 1 ϭϪE a and E 3 ϭE a . The resulting peak is situated at eVϭE a and has the height (I 4 ) max ϳT. In the vicinity of the peak, e␦VϭeVϪE a Ӷ⌬, the expression for the resonant four-particle current becomes
͑61͒
The current peak under consideration is a full-scale current structure in a region of the IVC that in point contacts is dominated by a nonresonant four-particle current, which is of the order T 4 . As any Andreev resonance, the four-particle current peak strongly depends on the phase difference; it disappears at ϭ. The peak exists within the voltage interval ⌬/2ϽeVϽ⌬ and within the phase difference window 0Ͻsin 2 /2Ͻ3/(4D). We note that the positions of all discussed current structures are proportional to the order parameter ⌬ and therefore temperature dependent and scale with ⌬.
We end this section with the discussion of IVC's at large voltage, eVӷ2⌬. The current at large voltage results exclusively from the single-particle and pair currents. It is straightforward to calculate the single-particle current at large voltage from Eq. ͑52͒,
The first term in this equation is the current through the normal junction, while the second term is the single-particle contribution to the excess current,
This excess current is large, ϳT, and negative, which reflects the suppression of the current onset at eVϭ2⌬. The pair current contribution to the excess current is dominated by the   FIG. 9 . Schematic pictures of important scattering processes. Resonances are shown as circles. ͑a͒: Nonresonant single-particle current; ͑b͒: resonant pair current from the right side involves one resonant Andreev reflection, and two equivalent resonant paths are possible; ͑c͒: resonant three-particle current involves one resonant Andreev reflection and one reflection by the quasiresonance at the energy-gap edge. An equivalent path exists also for injection from the left; ͑d͒: resonant four-particle current involves two resonant Andreev reflections ͑double resonance͒. resonance and is given by Eq. ͑60͒. The total excess current to leading order in T has the form
The excess current in the interferometer is large and negative, in sharp contrast to quantum point contacts, where the excess current is small, ϳT 2 , and positive. 22 However, it turns to zero at ϭ0, in agreement with our observation that in this case the interferometer behaves as a quantum point contact. The excess current achieves its minimum value at ϭ because of a blockade of the pair current, see Fig. 10 .
V. CONCLUSIONS
We have investigated the phase dependence of the dc CVC's in SNS interferometers consisting of two superconducting reservoirs connected by a Y-shaped normally conducting quantum wire. We have developed a generalization of the existing coherent MAR theory, which fully incorporates the effect of interference, as well as resonance effects due to Andreev bound states in the interferometer.
The phase-dependent current-voltage characteristic I(V,) has been numerically investigated for single-mode wires with lengths smaller than the superconducting coherence length. The analytical study of the current was performed using a resonance approximation in the limit of weak coupling of the interferometer to the injection lead.
We found significant enhancement of the subgap current at a finite phase difference compared to the case of a zero phase difference. The enhancement is accompanied by a shift of the onset of the current at 2⌬ to smaller voltages, ⌬ ϩE a ()Ͻ2⌬, and the appearance of current peaks at E a and ⌬ϩE a . These features are produced by resonant Andreev reflection of the injected particles by the S 1 NS 2 junction of the interferometer: they are most pronounced for weak coupling of the S 1 NS 2 junction to the injection lead.
The positions of all current structures are temperature dependent and scale with ⌬.
We further found strong suppression of the current when the phase difference approaches →: in this region all subgap current structures disappear and, moreover, the excess current at large voltage becomes negative ͑deficiency current͒. The magnitude of the deficiency current is considerably large at ϭ. This effect results from the suppression of the Andreev reflections from the S 1 N and S 2 N interfaces due to the interference in the arms of the beam splitter ͑cf. a similar effect in NS interferometers 5, 6 ͒. We conclude our discussion with some brief comments on the connection of the studied model to more realistic experimental devices based on 2D electron-gas structures. In such devices, the normal region has a typical size which exceeds the superconducting coherence length and it contains several conducting electronic modes. Furthermore, the NS interfaces are not perfectly transparent. However, this effect is less important since the interface reflection coefficient in practice can be rather small (Ͻ0.2). Increasing the length of the arms of the interferometer will result in the appearance of new phase-dependent current peaks due to the increasing number of Andreev states in the SNS junction of the interferometer ͑cf. Ref. 19͒ . Similarly, increasing the length of the injection lead will result in the appearance of current resonances which do not depend on the phase difference, due to -independent superconducting bound states in this lead. 14 In interferometers with multimode wires, the resonant current peaks will be smeared; however, one should still expect some phase-dependent resonant features similar to the case of diffusive NS interferometers. 6 The interference effect leading to the large deficient current at large applied voltage will survive in multimode junctions.
